We construct a model of quark-lepton unification at the TeV scale based on an SU (4) gauge symmetry, while still having acceptable neutrino masses and enough suppression in flavor changing neutral currents. An approximate U (2) flavor symmetry is an artifact of family-dependent gauge charges leading to a natural realization of the CKM mixing matrix. The model predicts sizeable violation of PMNS unitarity as well as a gauge vector leptoquark U µ 1 = (3, 1, 2/3) which can be produced at the LHC -both effects within the reach of future measurements. In addition, recently reported experimental anomalies in semi-leptonic B-meson decays, both in charged b → cτ ν and neutral b → sµµ currents, can be accommodated.
I. INTRODUCTION
Quark-lepton unification -as originally suggested by Jogesh Pati and Abdus Salam [1] -is an attractive paradigm of physics beyond the Standard Model (SM). Namely, a fundamental representation of an SU (4) gauge symmetry embeds a color triplet quark and a color singlet lepton (4 = 3 ⊕ 1). Such a construction predicts existence of an exotic particle, a gauge vector leptoquark (LQ) U µ 1 = (3, 1, 2/3), which can turn a quark into a lepton and vice versa.
In this article, we entertain the possibility of quark-lepton unification at the TeV scale, motivated by the scope of present particle laboratories. The two main challenges to this idea are (i) the observed neutrino masses and (ii) the stringent constraints from flavor changing neutral currents (FCNC) in meson decays. In particular, the neutrino masses are expected to be similar in size to the masses of the up-type quarks, since the two fields are embedded in the same 4 of SU (4). The correct structure for a solution comes naturally in high-scale PatiSalam models, possibly in the context of SO (10) grand unification (GUT) [2] , where the Majorana mass is around the GUT scale, while the Dirac mass is at the electroweak scale, leading to a seesaw mechanism [3] [4] [5] [6] . On the contrary, quark-lepton unification at scales much lower than the GUT scale (but still far beyond LHC reach) was achieved in Ref. [7] using the inverse seesaw mechanism (ISS) [8] [9] [10] to generate small neutrino masses.
Also problematic for Pati-Salam quark-lepton unification at the TeV scale are the stringent bounds on FCNC in semi-leptonic meson decays (e.g. K L → µe) due to gauge vector LQ exchange, pushing the LQ mass to the PeV ballpark [11] [12] [13] [14] [15] . On the other hand, as shown recently in Ref. [16] , the FCNC induced by a TeV scale vector LQ can be avoided in the context of partial unification models [17, 18] in * admgrelj@uni-mainz.de † bstefan@uni-mainz.de which the SM gauge group is embedded into a larger SU (4) × SU (3) × SU (2) L × U (1) group ("4321"), and the (would-be) SM fermions are charged only under the "321" part. The LQ couplings to SM fermions are generated via mass mixing with extra vector-like fermions charged under SU (4), where the largest LQ interactions are taken to be with the third family fermions as allowed by the low energy flavor data. Note that this construction does not have a neutrino mass problem since the (wouldbe) SM quarks and leptons are not unified in 4 of SU (4).
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Building on this work, the authors of Ref. [29] introduce family-dependent gauge interactions -PatiSalam for every family (P S 3 ) -achieving a TeV scale vector LQ dominantly coupled to the third family while still having quarks and leptons unified into a 4 of SU (4). Scalar link fields are introduced to break the gauge symmetry down to the SM. This is done in several steps with very hierarchical vacuum expectation values (VEVs) ranging from 1 TeV up to (at least) 10
3 TeV -a construction which is presumably responsible for the peculiar quark masses and mixing in the SM. However, the aforementioned neutrino mass problem is set aside noting that, in principle, one could fine tune the contributions of the two Higgs fields, both of which are O(v EW ) where v EW ≈ 246 GeV.
Also relevant to this article is the idea of Ref. [32] , where the authors consider an extended color symmetry SU (3) 12 × SU (3) 3 → SU (3) c , where the first two quark families are charged under SU (3) 12 , and the third family is charged under SU (3) 3 . An approximate U (2) flavor symmetry [33] is obtained accidentally as an artifact of the gauge representation choices. The leading U (2) breaking spurion is gen-1 As shown in [16] , the "4321" model is the first UV complete gauge model to coherently address a set of experimental anomalies recently reported in semi-leptonic Bmeson decays [19] [20] [21] [22] [23] [24] [25] , utilizing the vector LQ representation U µ 1 = (3, 1, 2/3). See also recent activities in Refs. [26] [27] [28] [29] [30] [31] .
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erated by integrating out a weak doublet vector-like quark.
Building on the work of the aforementioned Refs. [7, 16, 29, 32] , we construct a model of TeV scale quark-lepton unification based on the "4321" gauge group with the third family charged under "421", and the light families under "321". As a consequence, the model possesses an accidental approximate U (2) flavor symmetry which is softly broken by a weak doublet vector-like fermion representation. In addition, SM singlet fermions are introduced in order to implement the inverse seesaw mechanism and generate acceptable neutrino masses and mixings without a fine-tuning problem. When the vector-like fermion is integrated out, this model is the low-energy limit of Ref. [29] , apart from the neutral lepton sector. The model is UV complete and renormalizable, and the heaviest states are not far above the TeV scale. Therefore, unlike high scale models of quark-lepton unification, our model does not introduce a severe problem with the stabilization of the electroweak scale.
II. MODEL BASICS A. Gauge Symmetry and Breaking Structure
We consider here the "4321" gauge group 
In the G-symmetry broken phase, we have Y = 
and Ω 1 = (3, 1, −2/3) ⊕ (1, 1, 0). In the unitary gauge, the physical scalar degrees of freedom are: a real color octet, three real singlets, and a complex triplet leptoquark.
Additionally, there are three massive gauge bosons U 1 , g , and Z which belong to the coset group G/G SM . They transform as U 1 = (3, 1, 2/3), g = (8, 1, 0) and Z = (1, 1, 0) under G SM and have masses [16, 18] 
Expressions for U 1 , g , Z , and the SM gauge bosons and gauge couplings in terms of the original gauge fields and gauge couplings of G can be found in Ref. [16] . A benchmark point matching the SM gauge couplings to the gauge couplings of G at µ = 2 TeV yields g 4 = 3, g 3 = 1.08, and g 1 = 0.365. The final breaking is electroweak symmetry breaking, [34] . We note that apart from the addition of the SU (4) adjoint scalar Φ, the bosonic sector of the model is identical to that of Ref. [16] .
B. Matter Content
The would-be light family SM fermion fields (when neglecting the mixing discussed below), are charged under the SU (3) × SU (2) L × U (1) subgroup, but are singlets of SU (4). Let us denote them as:
, and e i R = (1, 1, 1, −1). We label these representations as dominantly light family SM fermions and note that they come in two copies of flavor (i = 1, 2). Being SU (4) singlets, they do not couple with the vector leptoquark U µ 1 directly. In contrast, the would-be third family SM fermion fields are charged as fundamentals under SU (4), in addition to carrying charge under SU (2) L × U (1) . We denote them as: ψ L = (4, 1, 2, 0), ψ 
. This field content is summarized in Table II . Unlike the light family fermions, the dominantly third family SM fermions couple directly to the vector leptoquark U µ 1 via gauge interactions. In order to generate mixing between the third and light family fermions, we introduce a vector-like fermion representation χ L,R = (4, 1, 2, 0), shown in Table III . This representation decomposes under the SM as χ Since the dominantly third family SM quarks and leptons are unified into SU (4) multiplets, we get the interesting prediction that m t = m ντ and m b = m τ if they receive mass only from the Higgs field. While this approximation works quite well for the bottom quark and tau lepton, the prediction that the top quark and tau neutrino must have the same mass is extremely inconsistent with experimental data. If the dominantly third family SM fermions also receive contributions to their masses from the VEV of Φ 15 , then there are four independent Yukawa couplings and correct masses for all third family SM fermions can be achieved. However, a large fine-tuning is required to arrange a cancellation between the two terms contributing to the tau neutrino mass in order to obtain an experimentally acceptable value. This fine-tuning problem for neutrino masses in low scale SU (4) quark-lepton unification models was solved by Ref. [7] by adding singlet fermions to implement the inverse seesaw mechanism. Here, we follow this prescription and introduce two right-handed dominantly light family SM neutrinos ν i R and three new right-handed fermions S a R which are singlets under G. This extension of the fermion content is summarized in Table IV and we discuss the details of the ISS mechanism in Section III B. In addition, there are accidental global symmetries U (1) B and U (1) L , whose action on the matter fields are displayed in the last two columns of the first four tables. The VEVs of Ω 3 and Ω 1 spontaneously break both the gauge and global symmetries, leaving two new global U (1)'s unbroken:
particles, these unbroken U (1)'s correspond to ordinary baryon and lepton number, respectively. These symmetries protect proton stability and make the active neutrinos massless. As will be discussed later on, a soft breaking of U (1) L will lead to tiny neutrino masses in the context of the inverse seesaw mechanism.
and write the Lagrangian containing Yukawa interactions and mass terms as
Here, we have defined
, and
Here, V and U are orthogonal 2 × 2 matrices, with V approximately the Cabibbo matrix. Since µ S and µ R softly break U (1) L , the group F S is fully broken and can be used to make µ S real and diagonal.
The broken F 3χ symmetry allows us to choose m mix = 0, m χ real, and fix the phases of y 
After electroweak symmetry breaking, the dominantly third family SM fermions receive the following masses [7] 
where we have defined v 
A. Quark Sector
The quark mass matrices have the same structure as in Ref. [32] 
These 3 × 3 matrices can be diagonalized by biunitary rotations of the form
m χ , the CKM matrix to leading order is
where we have defined
As mentioned previously, we have the freedom remaining to choose λ (2) q real and to fix the phase of
Comparing to the Wolfenstein parameterization in Ref. [35] , the CKM matrix can be fit by: q ∼ (2, 1, 1) which is entirely responsible for the communication of the third to light generations. This setup nicely reproduces the Minimal U (2) picture of quark masses and mixings proposed in Ref. [33] . The smallness of the leading breaking spurion doublet V (i) can be understood as a consequence of large m χ or perhaps small λ (i) q , which is the only coupling violating the light family quark number.
B. Lepton Sector
As mentioned in Section II B, we introduced two right-handed dominantly light family SM neutrinos ν i R and three new right-handed fermions S a R which are singlets under G in order to avoid fine-tuning in Eq. (8) . To see how this is achieved, we define n
, where ν contains the light and third family neutrinos and S contains all its flavors. When all scalars receive VEVs, the neutrino mass Lagrangian can be written as
The neutrino mass matrix M ν is a 9 × 9 matrix of the form
where we have defined 
If M ν has the ISS hierarchy µ R , µ S m D ν < M R , then there are three light Majorana neutrinos with a mass matrix of the form
and six heavy Majorana states which can be grouped into three pairs with mass splittings proportional to µ S , such that they behave as three heavy pseudoDirac neutrinos with masses O( M R ) [36, 39] . In the ISS limit, sub-eV masses can be achieved for the light Majorana neutrinos even if the Dirac mass is O(v EW ) and M R is O(v 1 ), as long as µ S is very small. The fields ν i R , ν 3 R , and S R carry U (1) L number 1, 1, and -1, respectively, so the two terms in the first line of L ν in Eq. (5) are L conserving, whereas the terms with µ R and µ S in the second line violate L by 2 units. Thus, it is natural in the t'Hooft sense [40] for µ R and µ S to be small parameters because U (1) L symmetry is restored in the limit that µ R , µ S → 0. In this limit, the six heavy Majorana states become three heavy exactly Dirac neutrinos and the three active Majorana neutrinos become exactly massless because the U (1) L symmetry forbids Majorana mass terms.
2 Here, we have taken µ R = 0 for simplicity, but its inclusion does not change the effectiveness of the ISS mechanism if it obeys the hierarchy µ R , µ S m D ν < M R [36, 37] . The same is true for lepton number violating couplings of the form L HS R which are in principle allowed by gauge invariance [36] [37] [38] .
IV. GAUGE INTERACTIONS AND PHENOMENOLOGY

A. Fermion Interactions with Gauge Bosons
Let us denote fermion representations with multiple flavor copies under the unbroken SM gauge group
T for left-handed fields, and
T for right-handed fields, where i = 1, 2. Expanding the kinetic terms of the fermions leads to the following V f f couplings in the interaction basis:
where
Note that the right-handed representations Q R and L R come in a single copy of flavor. The relevant interactions in the mass basis are obtained after applying the appropriate rotation matrices. A detailed phenomenological survey of the model is beyond the scope of the present work. Here, we comment only on a few interesting effects in low-and high-p T experiments. A good example is the LHC phenomenology in the limit g 4 g 1 , g 3 , where one finds g 3 ≈ g s and g 1 ≈ g Y . In this case, the g and Z bosons decay dominantly to a pair of third family SM fermions (or to χ if it is light enough) and the production cross section in pp collisions for g and Z from the valence quarks is suppressed, relaxing otherwise strong bounds. This also makes direct searches for the U µ 1 vector LQ [41, 42] relevant because the mass spectrum of the gauge bosons cannot be significantly split [16] . The present LHC limits on these states are already TeV, with significant prospect for improvements in the future. When integrated out, these vector resonances lead to four-fermion operators, which could give an observable indirect signal in low-energy flavor and electroweak precision observables. However, thanks to the approximate U (2) flavor symmetry, the rotation matrices which control flavor violation are close to identity and exhibit enough suppression [33, 45] 
4 Flavor effects of the color octet in this context have been discussed in Ref. [32] . Important constraints come from the neutral meson oscillation phenomena in the down quark sector (e.g. B s -B s mixing), effectively requiring down-alignment [16] . A TeV scale vector LQ with left-handed interactions controlled by an approximate U (2) flavor symmetry has been shown to be compatible with the constraints from semileptonic and rare meson decays, LFU and LFV in charged lepton decays, and Z and W -pole precision measurements (see e.g. Ref. [26, 46] ). It is crucial to note that in the limit of large m χ , this model is the low energy limit of the P S 3 model presented in Ref. [29] , apart from the neutral lepton sector.
B. B-Physics Anomalies and PMNS
Non-unitarity
The model proposed here can accommodate the recently reported anomalies in B-meson decays both in (i) deviations from τ / (where = e, µ) universality in semi-tauonic decays as defined by R(D ( * ) ) observables (charged b → c ν transitions) [19] [20] [21] and (ii) deviations from µ/e universality in rare decays as defined by R(K ( * ) ) observables (neutral b → s transitions) [22, 23] . Basically, the U µ 1 vector LQ induces a large tree-level contribution to b → cτ ν while simultaneously giving a flavor-suppressed treelevel contribution to b → sµµ. We note that the dimension-6 effective operator introduced in [29] to solve b → sµµ is generated in our model when integrating out the vector-like fermion field χ.
The rest of the discussion on B-anomalies follows Ref. [29] , and we do not repeat it here. Nonetheless, let us point to a novel correlation between B-anomalies and non-unitarity in the PontecorvoMaki-Nakagawa-Sakata (PMNS) matrix, both of which are controlled by the ratio of G SM -and Gbreaking scales. On the one hand, the non-standard contribution to ∆R
Since Ω 3 (≡ v 3 / √ 2) controls the mass of the coloron field g , it is bounded from below by direct search phenomenology at hadron colliders was recently reviewed in [44] . 4 The effects of scalar resonances in flavor physics are typically further suppressed by the light fermion masses.
searches at the LHC (v 3 1 TeV). On the other hand, deviation of the PMNS matrix from unitarity is parameterized by the Hermitian matrix = 1 − N N † , where N is the non-unitarity PMNS matrix. In terms of the ISS parameters introduced in Section III B, we can write approximately as [39] 
If we require v 3 1 TeV in order to evade the bound on direct searches for the coloron, we then require v 1 1 TeV in order to produce the observed anomaly in ∆R τ D . Thus, there is a contribution to which is a least as large as
meaning that significant PMNS unitarity violation is associated with a quark-lepton unification scale which is low enough to explain ∆R 
V. CONCLUSIONS
We have constructed a model of TeV scale quarklepton unification based on an extended "4321" gauge group, where the third family quarks and leptons are unified into fundamental representations of SU (4) while the light family fermions are charged only under "321". As a result of this construction, the model contains an accidental U (2) flavor symmetry which suppresses FCNC and allows for the realization of the correct CKM texture. A key prediction of the model is a gauge vector leptoquark U µ 1 , coupled dominantly to the third family, and potentially within reach of the LHC.
While third family quark-lepton unification nicely explains the closeness of the tau lepton and bottom quark masses, it fails spectacularly in the up sector, suggesting a peculiar origin for neutrino masses. In particular, the model, with the addition of gauge singlet fermions, admits a natural realization of light neutrino masses via the inverse seesaw mechanism. In this article, we present a numerical benchmark point where experimentally acceptable masses and mixings are obtained for the light neutrinos.
This model is a very interesting and phenomenologically rich construction, predicting a plethora of observable effects ranging from low energy neutrino and flavor physics up to high-p T collider searches. We may already be seeing its first signatures in the still inconclusive B-anomalies.
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Appendix A: Neutrino masses, mixings, and PMNS Non-Unitarity
Light Neutrino Masses and Mixings
In Section III B, we wrote the neutrino mass Lagrangian as
where the neutrino mass matrix is a 9 × 9 complex symmetric matrix which has the ISS texture
In terms of the original Lagrangian parameters, the mass matrix has the form
The entry
is the product of a 2 × 2 orthogonal matrix with a 2 × 2 real diagonal matrix which we parameterize as
(A4) To reduce the number of free parameters, we seek a solution which yields acceptable light neutrino masses and mixings with a simplifying ansatz where µ R = 0, µ S = diag (µ 1 , µ 2 , µ 3 ), λ T = (λ (1) , λ (2) ) and
such that M R = (M R v1 √ 2 λ R ) is a diagonal 3 × 3 block of M ν . Here, m QL is of order the SU (4) breaking (quark-lepton unification) scale. We also take all parameters to be real. Following the prescription in Refs [39, 47, 48] , we first block diagonalize M ν via a rotation W such that
The rotation matrix W is approximately given as i . In terms of the ISS parameters in Eq. A2, the 3 × 3 mass matrix for the light Majorana neutrinos M light has the usual ISS form
Assuming the simplifying ansatz for the ISS parameters outlined in the previous section, we diagonalize M light numerically using the benchmark parameter set in Table V . We obtain a normal hierarchy of light neutrino masses of m 1 ≈ 1.86 × 10 
To construct the PMNS matrix, we numerically find the matrix U l which diagonalizes M light as M 
These mass-squared splittings and mixing angles agree very well with the best-fit values derived from a global fit of the current neutrino oscillation data in Refs [35, 49] . We have also performed an exact numerical diagonalization of Eq. A3 and found very good agreement with the approximate masses and mixings given by diagonalizing Eq. A8. More general benchmark points are of course possible if the simplifying assumptions about M ν made here are relaxed, e.g. leaving M R as a general complex 3 × 3 matrix. One can even consider non-equal numbers of ν R and S R in order to have additional sterile neutrino states at the scale µ S [36, [50] [51] [52] [53] [54] [55] .
